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Abstract 

A moment problem is presented for a class of signed measures which 
are termed pseudo-positive. Our main result says that for every pseudo- 
positive definite functional (subject to some reasonable restrictions) there 
exists a representing pseudo-positive measure. 

The second main result is a characterization of determinacy in the 
class of equivalent pseudo-positive representation measures. Finally the 
corresponding truncated moment problem is discussed. 
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1 Introduction 

Let C [x±, Xd] denote the space of all polynomials in d variables with complex 
coefficients and let T : C [xi, xj] — > C be a linear functional. The multivariate 
moment problem asks for conditions on the functional T such that there exists 
a non-negative measure /i on K d with 

T(P)= [ P(x)dfi{x) (1) 



for all P € C [xi, Xd] ■ It is well known that positive definiteness of the func- 
tional T is a necessary condition which means that 

T(P*P)>0 for all P G C [xi, x d ] ; 

here P* is the polynomial whose coefficients are the complex conjugates of the 
coefficients of P. By a theorem of Haviland, a necessary and sufficient condition 
for the existence of a non-negative measure /i satisfying |T]) is the positivity 
of the functional T, i.e. P (x) > for all x e R d implies T (P) > for all 
P € C [xi, ...,Xd], cf. 5, p. 111]. In the case d = 1 it is a classical fact that a 
functional T is positive if and only if it is positive-definite, which is proved by 
using the representation of a non-negative polynomial as a sum of two squares 
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of polynomials, cf. [1, Chapter 1, section 1.1]. A counter-example of D. Hilbert 
shows that a representation of a multivariate non-negative polynomial as a finite 
sum of squares is in general not possible, cf. 6\. Many authors have tried to 
find additional assumptions on the functional T such that positive definiteness 
and positivity become equivalent, see [BJ, [12], [H p. 47]. [21], [25], [27]. [55]. 

In this paper we shall be concerned with a modified moment problem which 
arised in the investigation of a new cubature formula of Gaufi-Jacobi type for 
measures \i in the multivariate setting, see [5D], [2T],[22]. In contrast to the 
classical multivariate moment problem we allow the measures fi under consider- 
ation to be signed measures on K d . Our approach is based on the new notions 
of pseudo-positive definite functionals T and pseudo-positive signed measures 
/i, to be explained below. 

A cornerstone of our approach is the Gauss representation of a polynomial 
which we provide below. First we recall some definitions and notations: Let 
\x\ = \Jx\ + .... + x 2 d be the euclidean norm and S d_1 := {x £ R d : |a;| = l} be 
the unit sphere. We shall write x £ M. d in spherical coordinates x = r9 with 
6 £ Let Tik be the set of all harmonic homogeneous complex- valued 

polynomials of degree k. Then / £ Hk is called a solid harmonic and 

the restriction of / to S d_1 a spherical harmonic of degree k. Throughout the 
paper we shall assume that Y kt i : K d — > R, I = 1, ...,ak '■= dimTtk , is an 
orthonormal basis of Hk with respect to the scalar product (f,g) S d-i ■— 
J$d-i f (0) g {0)d6. We shall often use the trivial identity Y Ki (x) = r k Y k i (0) . 
The Gauss representation (cf. [3], [31] or pjH Theorem 10.2]) tells us that for 
every P £ C [xi, Xd] there exist polynomials pk,i such that 

degP a k degP a k 

p w= EE^( r2 )' r ^w = E Y,Pk,i(\xf)Y ktl {x) (2) 

k=0 1=1 k=0 1=1 

where deg P is the degree of the polynomial P. By this formula it is clear that 
the set of polynomials 

[\x\ 23 Y k .i (x) : j > 0, k > 0, 1 = 1, 2, a k } 

forms a basis for the space of all polynomials, hence this is an alternative basis 
to the standard basis {x a : a £ Z d ,a > 0} . The numbers 

Cj,k,l~ j ' \x\ 2 ° ' Y k ,i {x) dn (x) (3) 

are sometimes called the distributed moments of //, cf. [5], [S], [IBJ, Q~7], [IB]- Let 
us remark that for fixed fc, I one may consider the correspondence j i — > Cj jk ,i as 
a univariate moment sequence in the variable j £ No . The distributed moments 
can be expressed linearly by the classical monomial moments 

(4) 
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which are considered in the standard approach, and vice versa. 

Now we will introduce our basic notions: A signed measure /i over M. d is 
pseudo-positive with respect to the orthonormal basis Y k> i, I = 1, k G No if 
the inequality 

/ h(\x\)Y k>l {x)dfi(x)>0 (5) 

holds for every non-negative continuous function h : [0, oo) — * [0, oo) with com- 
pact support, and for all k £ No and I = 1,2, a k - Obviously, the radially- 
symmetric measures represent a subclass of the pseudo-positive measures 

Given a linear functional T : C [x\, Xd] — > C and Y kl i S 7i/c (R d ) we define 
the "component functional" T k ,i : C [xi] — > C by putting 

T M (p) := T (p(|x| 2 )F M (*)) for every P eC [a*] . (6) 

Note that in the notations (J3j, X/u (p) = Cj t k,l for P (i) = t? with j e No. We say 
that the functional T is pseudo-positive definite with respect to the orthonormal 
basis Yk,i,l = 1, fflfc, k € No if 

Tfc,; (p* (t) p (t)) > and T M (i • p* (t) p (t)) > 

for every p (t) € C [xi] , and for every fc € No and Z = 1, a k . 

Our main result in Section [2] provides a reasonable sufficient criterion guar- 
anteeing that for a pseudo-positive definite functional T : C [xi, Xd] —> C 
there exists a pseudo-positive signed measure on M. d with 

/ P{x)dfjL = T{P) for allPeC[xi,...,x d ]. (7) 

This means that we give a solution to the pseudo-positive moment problem: this 
problem asks for conditions on the moments ([3]) which provide the existence of 
a pseudo-positive (signed) measure /i satisfying the equalities ([3]). The sufficient 
criterion is a summability assumption of the type 

00 a k p OO 

r N r~ k da k i (r) < 00 for all JVeN (8) 

fc=0 i=l ^° 

where the measures 07^ are representing measures of the component functionals 
T k j, cf. Proposition O 

An essential advantage of our approach is that there exists a naturally defined 
truncated moment problem in the class of pseudo-positive definite functionals. 
In Section [3J we shall formulate and solve this problem which is important also 
from practical point of view. 

The second main result in Section [4] says that the pseudo-positive represent- 
ing measure \x of a pseudo-positive definite functional T : C [xi, ...,Xd] — > C is 
unique in the class of all pseudo-positive signed measures whenever each func- 
tional T k ,i defined in ([3]) has a unique representing measure on [0, 00) in the 
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sense of Stieltjes (for the precise definition see Section S]). And vice versa, if a 
pseudo-positive functional T is determinate in the class of all pseudo-positive 
signed measures and the summability condition © is satisfied, then each func- 
tional Tkj is determinate in the sense of Stieltjes. The proof is essentially based 
on the properties of the Nevanlinna extremal measures. In the last Section 
we shall give examples and some further properties of pseudo-positive definite 
functionals. 

Let us recall some terminology from measure theory: a signed measure on 
R d is a set function on the Borel a-algebra on R d which takes real values and is 
er-additive. For the standard terminology, as Radon measure, Borel cr-algebra, 
etc., we refer to [5]. By the Jordan decomposition [TT1 p. 125], a signed measure 
/i is the difference of two non-negative finite measures, say [i = /i + — \x~ with the 
property that there exist a Borel set A such that /i + (A) — and (E n \ A) = 
0. The variation of /i is defined as := fi + + \i~ . The signed measure [i is 
called moment measure if all polynomials are integrable with respect to [i + and 
H~ ', which is equivalent to integrability with respect to the total variation. The 
support of a non-negative measure /i on M. d is defined as the complement of the 
largest open set U such that [i (U) = 0. In particular, the support of the zero 
measure is the empty set. The support of a signed measure a is defined as the 
support of the total variation |er| = a + + <r_ (see [TTJ p. 226]). Recall that in 
general, the supports of tr + and cr_ are not disjoint (cf. exercise 2 in [TTJ p. 
231]). For a surjective measurable mapping ip : X — > Y and a measure v on X 
the image measure v v on Y is defined by 



for all Borel subsets B of Y. The equality J g (tp (x)) dv (x) = J Y 9 (u) dv v (y) 
holds for all integrable functions g. 

2 The moment problem for pseudo-positive def- 
inite functionals 

Recall that for a continuous function / : W 1 — » C the Laplace-Fourier coefficient 
is defined by 




(9) 




(10) 



The formal expansion 



oo 




(ii) 



k=0 1=1 



is the Laplace-Fourier series. The following result may be found e.g. in [1] or 



Proposition 1 The Laplace- Fourier coefficient f kj i of a polynomial f given by 
S10\) is of the form ff.j (r) = r k pk t i (r 2 ) where pk,i is a univariate polynomial. 
Hence, the Laplace- Fourier series ill]) is equal to 

deg/ a k 

/w=EEwWX<w- (12) 

k=0 1=1 

The next two Propositions characterize pseudo-positive definite functionals: 

Proposition 2 Let T : C[xi, ...,Xd] —> C be a pseudo-positive definite func- 
tional. Then for each k € No, and I = 1, a k , there exist non-negative measures 
o~k,l with support in [0, oo) such that 

dog/ a k „oo 

T (/)=EE/ h,i{r)r- k da ktl {r) (13) 

fe=0 1 = 1 ^° 

holds for all f £ C [x\, xj\ where fk,i{r), k £ No, I = l,...,afc, are the 
Laplace- Fourier coefficients of f. 

Proof. By the solution of the Stieltjes moment problem there exists a non- 
negative measure fik,i with support in [0,oo) representing the functional T^j, 
i.e. satisfying 

/•OO 

T k ,t (p) = / P (t) dfi k ,i (t) for every p G C [t] . (14) 
Jo 

Let now tp : [0, oo) — > [0, oo) be defined by 99 (<) = Then we put er/c.z := 
where is the image measure defined in (J5J). We obtain 

/>OC 

h{t)d m {t)= / />(r 2 )^(r). (15) 
Jo 

Now use (|12p . the linearity of T and the definition of T kt i in ([5]), and the equa- 
tions (fl"4)) and (fT5|) to obtain 

dog/ a fc deg/ 

T (/) = E E T ^ (p*,o = E E / wm ( r2 ) <K, w • 

fc=0 1 = 1 k=0 1=1 Ja 

Since pk. 1 (r 2 ) = r~ k fk t i (r) the claim (|T3| follows from the last equation, which 
ends the proof. ■ 

The next result shows that the converse of Proposition[2]is also true; not less 
important, it is a natural way of defining pseudo-positive definite functionals. 

Proposition 3 Leta^.h k £ No, I — l,...,ak, be non-negative moment measures 
with support in [0, 00) . Then the functional T : C [xi, xj] — > C defined by 

dog/ a k oo 

T (/):=EE/ fk,l{r)r- k da k ,i (16) 
k=o 1=1 ^° 
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is pseudo-positive definite, where fk,i (r), k G No, I = 1, ■■■,a k , are the Laplace- 
Fourier coefficients of f. 

Proof. Let us compute T k j (p) where p is a univariate polynomial: by defi- 
nition, Tk.i [p) = T (p{\x\ 2 )Y k j (x)J . The Laplace-Fourier series of the function 
x I— ► |x| 3 p(|x| )Y k j (x) is equal to r 2j p (r 2 ) r k Y k j (9), hence 

T M (*»>(<)) =T(\x\ 2j p(\x\ 2 )Y kil (x)) = J™ rip(r 2 )da kil 

for every natural number j. Taking j = and j = 1 one concludes that 
Tk,i (p* {t) P (t)) > and T ki i (tp* (t) p (t)) > for all univariate polynomials 
j», hence T is pseudo-positive definite. ■ 

By C (X) we denote the space of all continuous complex- valued functions on 
a topological space X while C c (X) is the set of all / G C (X) having compact 
support. Further C po i (M. d ) is the space of all polynomially bounded, continuous 
functions, so for each / S C po i (R d ) there exists ]V € No, such that |/(x)| < 
Cat (1 + |x|) for some constant Cn (depending on / ) for all x G M d . A useful 
space of test functions is 

N a k 

C* x (R d ) := f kd (I^D Y k,i (x):NG N and / fe>! e C [0, oo)}. (17) 

k=0 1 = 1 

which can be rephrased as the set of all continuous functions with a finite 
Laplace-Fourier series. 

Proposition 4 Let /i be a pseudo-positive moment measure on R d . Then there 
exist unique moment measures p k ,i defined on [0, oo) such that 

h(t)dfi kil (t)= f h(\x\)Y kil (x)dv (18) 

holds for all h G C pot [0, oo). Further for each f G C x (R d ) n C po i (R d ) 

/ f(x)d^ = J2J2 h,i{r)r~ k d m . 

fc=0 1=1 70 

Proof. By definition of pseudo-positivity, M/-,; (h) := J Rd h (|x|) (x) <i/x 
defines a positive functional on C c ([0, oo)) . By the Riesz representation the- 
orem there exists a unique non-negative measure fx k ,i such that M kt i (h) — 

h (t) dfj, k ,i for all h G C c ([0, oo)) . We want to show that (fl"8|) holds for all 
h G Cp i [0, oo). For this, let ur : [0, oo) — > [0, 1] be a cut-off function, so is 
continuous and decreasing such that 

Ufl (r) = 1 for all < r < R and u R (r) = for all r>R+l. (19) 



G 



Let h G Cp i [0, oo ) . Then u^h G C c ([0, oo)) and 

u H (t)h(t)dfi k ,i= f u R {\x\)h{\x\)Y kt t{x)dfi. (20) 



< / \h(\x\)Y ktl (x)\d\fi\. (22) 



Note that \ur (t) h(t)\ < |u_r+i (t) h (t)\ for all t G [0, oo) . Hence by the mono- 
tone convergence theorem 

\h(t)\dn k ,i= lim / |«fl(t)fe(t)|d/*fc,i. (21) 

R->oo J Q 

On the other hand, it is obvious that 

u R (\x\)\h(\x\)\Y k>l (x)dfi 

The last expression is finite since /i is a moment measure. From (|21|) . (|20|) 
applied to \h\ and (|2"2")l it follows that \h\ is integrable for fi ky i. Using Lebesgue's 
convergence theorem for and (|20| it is easy to that (|T8|) holds. For the last 
statement recall that each /eC x (M d ) has a finite Laplace- Fourier series, and 
it is easy to see that the Laplace-Fourier coefficients f k ,i are in C po i [0, oo) if 
/ G C P oi (R d ) , see ([25]) below. ■ 

The next theorem is the main technical result of this section. 

Theorem 5 Let a k ,i, k G No, I = 1, 6e non-negative measures with sup- 

port in [0, oo) smc/i t/ia£ /or any TV G No 

Cn:=J2Y. r N r~ k da u < oo . (23) 
fe=0 l=i Jo 

Then for the functional T : C [x\, xj] — > C defined by \16\) there exists a 
pseudo-positive, signed moment measure a such that 

T (f)= / fdcr for all f eC[x!,...,Xd} ■ 



Remark 6 1. If the measures a k j have supports in the compact interval [p,R] 
for all k G No, I — 1, a k , then the measure a in Theorem^ has support in the 
annulus {x G M. d : p < \x\ < i?} . 

2. In the case of R < 00 , it obviously suffices to assume that Cq < 00 
instead of Cm < 00 for all N G No . 

3. The proof of Theorem [5| shows that a k j is equal to the measure induced 
by a with respect to the solid harmonic Y k j (x) , cf. (5§. 

Proof. 1. We show at first that T can be extended to a linear functional T 
defined on C po i (K d ) by the formula 



OO a k poo 

T (/) : =EE/ fk,i(r)r- k da k „ 
fe=0 1=1 J° 



(24) 
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for / 6 Cp i (R d ) , where f k j (r) are the Laplace-Fourier coefficients of /. In- 
deed, since / £ C po i (R d ) is of polynomial growth there exists C > and JVeN 



such that |/ (x)\ < C(l + \x\ N ). Let bj^-i denote the surface area of the unit 
sphere. It follows from (TiTjj) that 



\h,l{r)\ <C(l+r N ) VSrf=TW / |n,z (0)| 2 ^ = C(l + r JV ) V^T, (25) 

1 <td-l 



where we used the Cauchy-Schwarz inequality and the fact that ; is orthonor- 
mal. Hence, 

" poo 

\fk,i (r)\r- k da ktl < ^~{C / (l + r N ) r- k da k j. 

Jo 

By assumption (j2"3"|) the latter integral exists, so f k ,i (r) r~ k is integrable with 
respect to cr k j. By summing over all k, I we obtain by (|23[) that 



EE 

A;=0 1=1 



oo 

fk.i (r) r~ k da k ,i 



o 



< oo, 



which implies the convergence of the series in (|24[) . It follows that T is well- 
dchned. 

2. Let To be the restriction of the functional T to the space C c (M d ) . We will 
show that To is continuous. Let / £ C c (M d ) and suppose that / has support in 
the annulus {x £ R d : p < \x\ < R} (for the case p = this is a ball). Then by 
a similar technique as above \f k j (r)\ < y/uid-i max p <i x i<fl |/ (x)\ . Using (|24[) 
one arrives at 

oo a k ,R 

\T (f)\< max |/(x)| V^EE / ^"^M- (26) 

3. First consider the case that all measures a k j have supports in the interval 
[p, R] with R < oo (cf. Remark [6J . Then ([26|) and the Riesz representation 
theorem for compact spaces yield a representing measure p with support in the 
annulus {x £ M d : p < \x\ < i?} . Clearly /i is a moment measure. The pseudo- 
positivity of p will be proved in item 5.) below. 

4. In the case that a kj i have supports in [0, oo), we apply the Riesz rep- 
resentation theorem given in [6] p. 41, Theorem 2.5]: there exists a unique 
signed measure a such that To (g) = J Rd gda for all g £ C c (M d ) . Next we will 
show that the polynomials are integrable with respect to the variation of the 
representation measure a. Let a — a + — <r_ be the Jordan decomposition of a. 
Following the techniques of Theorem 2.4 and Theorem 2.5 in [6j p. 42], we have 
the equality 

/ g (x) da+ = sup {T (h) : h £ C c (R d ) with < h < g) (27) 
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which holds for any non-negative function g 6 C c . Let ur be the cut-off 
function defined in (fT9|) . We want to estimate J Rd g (x) da+ for the function g := 

\x\ N u R {\x\ 2 ). In view of (gTJ), let ft G C c (R d ) with < ft (a;) < |x| N u R {\x\ 2 ) 
for all a; G M. d . Then for the Laplace-Fourier coefficient hk,i of ft we have the 
estimate 

\hk,l(r)\<\ [ \h(r0)\ 2 deJ f \Y kt i {9)\ 2 dO < r N UR (r 2 ) y/UJa-i- 
y 7s<i-i y Jgd-i 

According to (|24)) 

To (ft) < \T (ft)| < V^TE £ / ^"^^ = : D * • 

fc=0 1=1 

From P7|) it follows that J Rd u_r(|o;| 2 )cJ(t + < Z?at for all R > (note that 
-Dat does not depend on R ). By the monotone convergence theorem (note that 
ur (x) < ur + i (x) for all x G K d ) we obtain 

/ |x| Ar <i(7+ = lim / \x\ N UR(\x\ 2 )da+ < Dn- 
Jm d r^oo J Rd 

Similarly one shows that J Rd \x\ N d<J- < oo by considering the functional S = 
—Tq. It follows that all polynomials are integrable with respect to <t+ and <r_. 
Using similar arguments it is not difficult to see that for all g G C x (R d ) n 
C P oi (R d ) 

f g(x)d<T = T(g). (28) 

5. It remains to prove that a is pseudo-positive. Let ft G C c ([0,oo)) be 
a non-negative function. The Laplace-Fourier coefficients fk',v of f (x) := 
ft (|x|) (a:) are given by fk'i' i r ) = Skk'dii'h (r) r k and by (|28j) it follows that 

/ h(\x\)Y k>l (x)da = T(f)= / M (r)f- fe dcx M = / h(r)da k ,i. 
J& d Jo Jo 

Since o~k,i are non-negative measures, the last term is non-negative, thus a is 
pseudo-positive. The proof is complete. ■ 

The following Theorem is the main result of the present Section and is an 
immediate consequence of Theorem [5j It provides a simple sufficient condition 
for the pseudo-positive definite functional on C [x±, xj\ defined in (|16p to 
possess a pseudo-positive representing measure. Let us note that not every 
pseudo-positive definite functional has a pseudo-positive representing measure, 
see Theorem l25l 

Theorem 7 Let T : C[xi, ...,Xd] — ► C be a pseudo-positive definite functional. 
Let o~k,i,k G No, I = 1, ■•.,afe, be non-negative measures with supports in [0, oo) 
representing the functional T as obtained in Proposition^ If for any N G No 

EE/ r N r~ k da ktl < oo, (29) 
k=0 1=1 Jo 
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then there exists a pseudo-positive, signed moment measure a such that 



T(f)= fda for all f eC[xi,...,x d ] 



It would be interesting to see whether the summability condition ([29]) may 
be weakened, cf. also the discussion at the end of Section [5] 

By the uniqueness of the representing measure in the Riesz representation 
theorem for compact spaces we conclude from Theorem [5j 

Corollary 8 Let p be a signed measure with compact support. Then p is 
pseudo-positive if and only if p is pseudo-positive definite as a functional on 
C[xi,...,Xd] ■ 

Let us remark that Corollary [5] does not hold without the compactness 
assumption which follows from well known arguments in the univariate case: 
Indeed, let vi be a non-negative moment measure on [0,oo) which is not de- 
termined in the sense of Stieltjes; hence there exists a non-negative moment 
measure v 2 on [0, oo) such that v\ (p) = v 2 (p) for all univariate polynomials. 
Since v\ ^ v 2 there exists a continuous function h : [0, oo) — > [0, oo) with com- 
pact support that v\ (h) ^ v 2 (h) . Without loss of generality assume that 



For a polynomial / let /o be the first Laplace-Fourier coefficient. Then J fdpi = 
Jo° fo ( r ) dvi for i = 1,2. Since v-y (p) — v 2 (p) for all univariate polynomials it 
follows that J fd\i\ — J fdpi 2 for all polynomials. Then p := pi — p 2 is a signed 
measure which is pseudo-positive definite since p (P) = for all polynomials P. 
It is not pseudo-positive since po(h) — f h (|x|) dp < by (p3|) . 

3 The truncated moment problem for pseudo- 
positive definite functionals 

The classical truncated moment problem of order 2n — 1 for a sequence of 
real numbers sq, si, s 2 , ■■■ asks for conditions providing the existence of a non- 
negative measure o~ n on the real line such that 




(30) 



For i = 1,2 define pi = dOdvi, so for any / G C (R d ) of polynomial growth 





(31) 
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cf. [TJ p. 30]. Let V< m denote the space of all univariate polynomials of 
degree < m, and let us associate to the numbers So, S2 n the linear functional 
T n : V< 2n -» K defined by 

T„(t fc ) :=s fc for fc = 0,...,2n. 

A necessary and sufficient condition for the existence of a non-negative measure 
tr n on the real line satisfying (|3 1 [) is that T n is positive definite on 7^<2n which 
means that 

T n (p* (t)p(t)) > for all p e V<„, 

see [TJ p. 30]. Moreover, if T n is strictly positive definite on V<2n (i-e. that 
(p* (*)) > for all p E V< n ,p 7^ 0) then one can find a whole continuum 
of solutions to the truncated problem of order 2n — 1. 

A classical argument based on the Helly theorem shows that the solutions 
a n of the truncated moment problem of order 2n — 1 for n G No converge to a 
solution a of the moment problem. For a discussion of truncated multivariate 
moment problems we refer to [T2] and [52] , 

We now formulate a truncated moment problem in our framework. A basic 
question is of course which moments are assumed to be known. Our formulation 
will depend on two parameters, namely n <E No and fco £ No U {oo} . We define 
the space U n (ko) as the set of all polynomials / € C \x\, ...,x<j] such that the 
Laplace- Fourier series (cf. (fT2)) ) 

deg/ a k 
k=0 1=1 

satisfies the restriction 

AegPk.i < n for k = 0, fco and p^z = for all igNo with k > ko. 

A functional T n : U^n (ko) — > C is called pseudo-positive definite with respect 
to the orthonormal basis ife,;,/ = l,...,afe, /c € No, A: < ko, if the component 
functionals T n : V<2n — > C defined by 

r„, fc ,i (p) := T n (p (|a;| 2 ) r fe!i (a:)) for p S P< 2 „ 

satisfy 

T„, fc ,i (p*p) > for all P eP<„, (32) 
T„, fc ,i (t ■ p* (t)p(t)) > for all p e P< n _ x . (33) 

If fco < oo, the space U n (ko) is obviously finite-dimensional and in this case we 
can solve the truncated moment problem: 

Theorem 9 Suppose that n and ko are natural numbers. IfT n : Uin (ko) - > C 
is pseudo-positive definite with respect to the orthonormal basis Yk t i, I = 1, ak, 
fc £ No then there exists a pseudo-positive measure a such that 

T n (P)= f P (x) da (x) 
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for all P e U 2n -i Oo) • 

Proof. Let fc G {0, fco} an d let T ny k,i ■ V<% n — > C be the component func- 
tional. In the first case assume that there exists a polynomial p m G V< n ,p m 7^ 
with T n _k_i (p* m p m ) = 0. We may assume that p m has minimal degree, say m < n. 
Then T n ^A (p*p) > for all p 6 V< m -i,p 7^ 0. Using the Gauss- Jacobi quadra- 
ture for the functional T Ut k,i restricted to V<.2m it follows that there exist points 
ti,k,i < ■■■ < tm,k,i € M and weights ai t k,h ■ ■■,ot m ^,i > such that the measure 
o-fcj := a-L,k,rfti ,fc,i + •■■ + a m,k,l5t m , h<l coincides with T ntk j on P< 2m -i- More- 
over, condition ()33|) implies that > 0. By the Cauchy-Schwarz inequality 
we have for all q G V<m-m 



It follows that T n ^d and 07^ coincide on V<2n-i- Hence we have proved that 
there exists a non-negative moment measure o~k,i with support in [0, 00) such 
that T n ,k,i (p) = / °° p(t) dokd (t) for all p G V<2 n -i, and (since > ) 



In the second case, we have T nj f.j (p*p) > for all p G V< n ,p 7^ 0. Using the 
Gauss- Jacobi quadrature again one obtains a non-negative moment measure o~k,i 
with support in [0, 00) such that T n< k,i (p) = L p {t) do~k,i (t) for all p G V<2n-i, 
satisfying p4|) . 

Let o~kj for fc = 0, fco be as above and define ak.i = for fc > fco- Define 
a functional T : C [xi, Xd] — > C by 



By Theorem [5] (note that the summability condition is satisfied) there exists a 
pseudo-positive moment measure a with the same moments as T. The proof is 
accomplished by the fact that T and T n agree on the subspace U2n-i (fco) • ■ 

Now we consider the case fco = 00, so the space U n (fco) is infinite-dimensional. 
Using the same method of proof one obtains: 

Theorem 10 Suppose that n is a natural number and that T n : L^n (00) — > C is 
pseudo-positive definite with respect to the orthonormal basis = 1, a&, 

fc G No- Assume that the non-negative measures o~k,i constructed in the proof of 
Theorem [3 satisfy the following conditions 



for any N G No- Then there exists a pseudo-positive, signed moment measure a 
such that 



\T n ,k,l {q ■ Pm (*))| < Tn^i (q*q) T nt h,l (p m Pm) = 0. 




(34) 






K'- 



fda for all f G U 2n -i (oo) . 
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Remark 11 Let us note that (in the case fco = oo ) the space U% n (oo) coincides 
with the set of all polynomials h which are polyharmonic of order n + 1, i.e. 
satisfy A n+1 h = , where A is the Laplace operator and A J is its jth iterate. 
Apparently for the first time such representing measures have been considered 
more systematically in '28]. In the case n = the problem we consider is 
equivalent to the inverse magnetic problem, cf. \&4!l - 



4 Determinacy for pseudo-positive definite func- 
tionals 

Let M* (R d ) be the set of all signed moment measures, and M£ (R d ) be the set 
of non-negative moment measures on R d . On M* (R d ) we define an equivalence 
relation: we say that a ~ fi for two elements a, fi G M* (R rf ) if and only if 
j R ,i fda = J Rd fdfi for all / G C [xi, x d ] ■ 

Definition 12 Let fi G M* (R d ) be a pseudo-positive measure. We define 

= |ct G M* (l^) : a is pseudo-positive and a ~ fi\ . 

We say that the measure /i G M* (R d ) is determined in the class of pseudo- 
positive measures if has only one element, i.e. is equal to {fj.} . 

Recall that a positive definite functional <f) : V\ — > R is determined in the 
sense of Stieltjes if the set 

Wf l := |r G MX ([0, oo)) : J r m dr = <j> (r m ) for all m G N | (35) 

has exactly one element, cf. [3 p. 210]. 

According to Proposition [U we can associate to a pseudo-positive measure 
[x the sequence of non-negative measures [ik,h k G No, I = 1, .., 0* with support 
in [0, oo) . The measures [ik,i contain all information about [i. Indeed, we prove 

Proposition 13 Let fi and a be pseudo-positive measures and let [ik,i and ak t i 
be as in Proposition^ If /ik,i = <Jk,i for all k € No, I = 1, .., <Xfc then fi = a. 

Proof. Let h G C' c [0, oo) . Then, using the assumption jjLk,i = <^k,u we obtain 
h (\x\) Y k j (x) dfi — / h(t)dfi k ,i= / h (\x\) Y k j (x) da. 



Since each / G C x (R d ) n C c (R d ) is a finite linear combination of functions of 
the type h (\x\) Y ki i (x) with h G C c [0, oo), we obtain that J Rd fdfi — J Rd fda 
for all / G C x (R d ) n C c (R d ) . We apply Proposition [TJ to see that n is equal 
to a. ■ 

The following result is proved in [71 Proposition 3.1]: 
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Proposition 14 Let p and a be signed measures on M. d . If J Rd fdp, — JL d fda 
for all f eC x (R d ) n C c (R d ) , then pt is equal to a. 

We can characterize in the case that only finitely many are nonzero. 

Theorem 15 Let \i be a pseudo-positive measure on 1™ such that pk.i — for 
all k > k 0l I = 1, dfc. XTien is affinely isomorphic to the set 

/•OO 

©fe°=o ®ZiiPu € VlfJ 1 : / t-^dfly < co} (36) 
M M Jo 

where the isomorphism is given by a i — ► (cr^;) and the map 

^ : [0, oo) — » [0, oo) is defined by ip (t) = t 2 , cf. 

Proof. Let cr be in V^. Let cr^; and /x/^/ be the unique moment measures 
obtained in Proposition [4] Then 

h (t) daft = [ h (t 2 ) da k ,i = f h{\x\ 2 )Y kA (x) da (x) 

JO JR n 

for all h £ Cp i [0, oo) , and an analog equation is valid for and fx. Taking 
polynomials h (t) we see that a k ,i € W s * 1 using the assumption that // ~ cr. 

Using a simple approximation argument it is easy to see from (|18[) that 



Since t x i — > Yfe } / ( t^t ) is bounded on E n , say by M, we obtain the estimate 



Jo 



< M / Idled < oo. 



It follows that (erf A is contained in the set on the right hand 

side in ([56]) . 

Let now p k ,i € be given such that L t~^ k dpk.i < oo for k = 1, .., ko, I = 

1, Define cr^.; = and cr^; = for fc > &o. Then by Theorem [5] there 

exists a measure reVj, such that Tfe^ = (Jk,l- This shows the surjectivity of the 
map. Let now a and r are in with cr??, = rt, for fc = 1, ..,ko,l = 1, ...,afc. 
The property cr <E implies that cr^ ; £ W s l % for all fc 6 No,/ = 1, ...,cifc, 

hence erjf , = for k > ko, and similarly rt, = 0. Hence a k ,i — t^.i for all 
k € No, ? = 1, dfc, and this implies that cr = r by Proposition []2J ■ 

The following is a sufficient condition for a functional T to be determined in 
the class of pseudo-positive measures. 
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Theorem 16 Let T : C [x\, x<j\ — > R be a pseudo-positive definite functional. 
If the functionals Tkj : C [xi] — > C are determined in the sense of Stieltjes then 
there exists at most one pseudo-positive, signed moment measure /i on M. d with 

T(f)= f fdn for all f e C[ Xl , ...,x d ] . (37) 

JR d 

Proof. Let us suppose that /i and a are pseudo-positive, signed moment 
measures on R d representing T. Taking / = \x^\ N Ykj (x) we obtain from (I37|) 
that 

/ \x\ 2N Y kil (x) dn = T k j (t N ) = f \x\ 2N Y Kl (x) da. 

for all N £ Nq. Let fXk,i and a k ,i as in Proposition [4j and consider if> : [0, oo) — > 
[0, oo) defined by ip (t) = t 2 . Then the image measures fi^ t and a% t are non- 
negative measures with supports on [0, oo) such that L°° t N d^f l = T k j (t N ) = 

J °° t N da^ j. Our assumption implies that l^t i = a t u so Mfe,i = &k,l- Proposition 
1131 implies that fi is equal to a. ■ 

In the following we want to prove the converse of the last theorem, which 
is more subtle. We need now some special results about Nevanlinna extremal 
measures. Let us introduce the following notation: for a non-negative measure 
<j) e M* (R) we pu10 

[0] := {a € A/; (R) : cr ~ . 

Proposition 17 Let v be a non-negative moment measure on R with support in 
[0, oo) which is not determined in the sense of Stieltjes, or applying the notation 
VS5)) Wv 7^ {v\ . Then there exist uncountably many a G W^ u such that 
J °° u~ k da < oo for all k £ N . 

Proof. In the proof we will borrow some arguments about the Stieltjes 
problem as given in [TU] or ]£5\ . As in the proof of Proposition 4.1 in [35] 
let ip : (—00,00) — > [0,oo) be defined by tp (x) = x 2 . If A is a measure on R 
define a measure A - by A~ (A) := A (—A) for each Borel set A where —A := 
{—x : x € A} . The measure is symmetric if A~ = A. For each r € W„ u define 

a measure t := | + (r^) ^ which is clearly symmetric, in particular v is 

symmetric. As pointed out in [25], the map~: W^ tl — > [17] is injective and the 
image is exactly the set of all symmetric measures in the set \v\ . The inverse 
map of ~ defined on the image space is just the map a — > a v . 

It follows that v is not determined, so we can make use of the Nevanlinna 
theory for the indeterminate measure v, see p. 54 in 1\. We know by for- 
mula II.4.2 (9) and II. 4. 2 (10) in [T] that for every f £ 1 there exists a unique 
Nevanlinna-extremal measure at such that 

f 00 dot (u) _ A(z)t-Cjz) 
u-z ~ B(z)t-D(z)' 

1 Here in order to avoid mixing of the notations, we retain the notation [<j>] from the one- 
dimensional case in [7|. 
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where A (z) , B (z) , C (z) ,D (z) are entire functions. Since the support of a t is 
the zero-set of the entire function B (z)t — D (z) it follows that the measure at 
has no mass in for t 7^ 0, and now it is clear that £7t([— 5, 5]) = for t 7^ and 
suitable 8 > (this fact is pointed out at least in the reference [7J p. 210]). It 
follows that 

/>oo 

\u\~ k da t < 00 (38) 

—00 

since the function u 1 — ► \u\~ is bounded on R \ [—5,(5] for each 8 > 0. Using 
the fact that the functions A (z) and B (z) of the Nevanlinna matrix are odd, 
while the functions B (z) and C (z) are even, one derives that the measure p t := 
^a t + \a- t is symmetric. Further from the equation A (z) D (z)—B (z) C (z) = 1 
it follows that pt 7^ p s for positive numbers t 7^ s. By the above we know that 
Pt 7^ Pa • This finishes the proof. ■ 

Theorem 18 Let p be a pseudo-positive signed measure on R d suc/i i/iai the 
summability assumption (0) holds. Then contains exactly one element if and 
only if each pt 1 is determined in the sense of Stieltjes. 

Proof. Let pk,l be the component measures as defined in Proposition 2J 
Assume that = {p} but that some r := pf g lg is not determined in the sense 
of Stieltjes where ip(t) = t 2 for t G [0, 00) . By Proposition [TTJ there exists a 
measure a € W^ tl such a 7^ r and J Q r~ k da < 00. By Theorem [S] there exists 
a pseudo-positive moment measure p representing the functional 

CO a k />00 /* OO 

?(/):= E E / fk,l(r)r- k dp k ,i+ f ko , lo (r)r- k da^\ 
fc=0,fc/fc o i=l,i/i 

Then ju is different from /i since ct^ 1 7^ Pk ,i an d A* € since cr S W.^'\ 
This contradiction shows that /i^ ; is determined in the sense of Stieltjes. The 
sufficiency follows from Theorem1l6l The proof is complete. ■ 



5 Miscellaneous results 

In this section we provide some examples and results on pseudo-positive mea- 
sures which throw more light on these new notions. 

5.1 The univariate case 

As we mentioned in the Introduction the non-negative spherically symmetric 
measures are pseudopositive and as it is easy to see from ([3]) our theory reduces 
to the classical Stieltjes moment problem. Other pseudopositive measures p for 
which our theory reduces essentially to the Stieltjes one-dimensional moment 
problem are those having only one component measure pkj non-zero; this is the 
problem / °° r k + 2 ^dp k<l (r) = Cj, k)l for 3 = 0, 1, 2, (cf. (by (TgJ and ©). 
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On the other hand it is instructive to consider the univariate case of our 
theory: then d = 1, §° = { — 1,1}, and the normalized measure is w (9) = \ 
for all 9 £ S°. The harmonic polynomials are the linear functions, their basis 
are the two functions defined by Y (x) = 1 and Y\ (x) = x for all x e M. The 
following is now immediate from the definitions: 

Proposition 19 Let d = 1. A functional T : C [x] — > C is pseudo-positive 
definite if and only if T (p* (a; 2 ) p (a? 2 )) > and T {xp* (a; 2 ) p (a; 2 )) > for all 
peC [x] . 

Recall that a functional T : C [x] — ► C defines a Stieltjes moment sequence 
if T (g* (a;) <? (x)) > and T (xq* (x) q(x))>0 for all q € C [x] , so this property 
implies pseudo-positive definiteness; the next example shows that the converse 
is not true: 



Example 20 Let a be a non-negative finite measure on the interval [a, b] with 
a > 0. Then the functional T : C [x] —> C defined by 



'(/)= f fix) da- f f{-x)da 

J a J a 



is pseudo-positive definite but not positive definite. 

Proof. As pointed out in [3TJ Chapter 4.1], the Laplace-Fourier expansion 
of / is given by / (r9) = f (r) Y (0) + f x (r) Y x (9) for x = rO with r = \x\ and 
6 e S°, where 

/o(r)=/ f(r9)Y (0)<L> (6) = f{r) +f { ~ r) , 
fx (r) = / / (r0) Fx (0) dc (0) = Mz_^ZT) , 

Since /o is even and /i is odd and / = /o+/i we infer that T (/) = 2 / /i (r) dcr. 
By Proposition [3] T is pseudo-positive definite. Since T (1) = and T ^ it is 
clear that T is not positive definite. ■ 



5.2 A criterion for pseudo-positivity 

The following is a simple criterion for pseudo-positivity: 

Proposition 21 Let fi be a signed moment measure on M. d . Assume that /i has 
a density w (x) with respect to the Lebesgue measure dx such that 9 i — > w (r6) 
is in L 2 (S^" 1 ) for each r > 0. If the Laplace- Fourier coefficients of w, 

w k ,i (r) := / w (rO) Y k>l (9) d9 
Js- 1 - 1 
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are non-negative then fj, is pseudo-positive and 

dfi ktl (r) = r k+d ~ l w kt i (r) , (39) 
r- k d^ (r) = / w k j (r) ■ r^dr (40) 



if the last integral exists. The measures \i k i o-re defined by means of equality 

m 



Proof. Since fi has a density w (x) we can use polar coordinates to obtain 
for / € C pol (R d ) 



fdfi= I f(x)w(x)dx= I I f{re)w{rff)r d - x d6dr. (41) 



For any h € C po i [0, oo) we put f (x) = h (\x\) Y k j (x) , then we obtain 



oc 



h(\x\)Y kil (x)d f i = / / h{r)r k+d - 1 Y Kl (9)w(r6)d9dr. (42) 
Jo Js- 1 - 1 

Since 6 i — > w (r0) is in L 2 (S^ 1 ) , we know that w k>i (r) = to (r0) Y M (0) d0. 
Hence, by the definition of fJ> k ,l, we obtain 

OC r- r-OC 

h(r)d/i k ,i:= h{\x\)Y k>l {x)dfi= h{r)w k ,i{r)r k+d - l dr. (43) 

JM d JO 

Thus the measure \x is pseudo-positive, and (|3"9"j) follows. Let us prove (14*01) : we 
define the cut-off functions h m £ C po i [0, oo) such that h m (t) = t~ k for t > 1/m 
and such that 7i m < h m +i- Now use (|4"3")) and the monotone convergence theorem 
to obtain GUI). ■ 



5.3 Examples in the two— dimensional case 

Let us consider the case d = 2, and take the usual orthonormal basis of solid 
harmonics, defined by Yq (e 1 *) = and 

Y kA (re lt ) = ~^= rk cos kt and Y ka (re lt ) = -j= rk sinfct for k S N. (44) 

We define a density : R™ — > [0, oo), depending on parameter a > 0, by 

w (q) (re") := (1 - r a ) P (re lt ) for < r < 1 
„,(«) ( re «) = o for r > 1; 

here the function P (re 1 *) is the Poisson kernel for < r < 1 given by (see e.g. 
5.1.16 in [2, p. 243]) 

^ : = ^ o = 1 + V 2r* cos fct. (45) 

v ' 1 - 2r cos t + r 2 ^ y J 

fc=i 
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By Proposition the measure d/i a :— (x) dx is pseudo-positive. For 
k > 0, by (J40J) and ((44]) we obtain 

-r«)dr= 



J r- k dnl x =2^ J r k+1 (l-r a 



(k + 2) (a + k + 2) ' 



It follows that (x) dx satisfies the summability condition ©. 

On the other hand, there exist pseudo-positive measures which do not satisfy 
the summability condition ©: 

Proposition 22 Let w (re lt ) := P (re lt ) for < r < 1 and w (re lt ) := for 
r > 1 where P (x) is given by Then d/i :— w (x) dx is a pseudo-positive, 

non-negative moment measure which does not satisfy the summability condition 

w> 



Proof. It follows from W) for A: > 1 

2^ 



r- k dfi k s = / w k ,i (r) ■ r d - l dr = 2^ r k+1 dr 
Jo Jo 



(fc + 2)' 

so we see that the summability condition (JSj) is not fulfilled. ■ 
5.4 The summability condition 

The next result shows that the spectrum of the measures o~ k ^ is contained in 
the spectrum of the representation measure \x. 

Theorem 23 Let o~ k ,i be non-negative measures on [0, oo). // the functional 
T : C [xi, ■■■,Xd] — > C defined by H6\) possesses a representing moment measure 
fi with compact support then 

<x M ((M 2 }) < max \Y kA (9)\ ■ \x\ k ■ \»\ (\x\ 2 S d - 1 ) 
for any x £ R d where |/x| is the total variation and \x\ 2 S d_1 = {|a;| 2 # : 9 G 

Proof. Let the support of [i be contained in Br. Let xq S K d be given. For 
every univariate polynomial p(t) with p ^|xo| 2 ^ = 1 we have 



o-k.i ({\x Q \ 2 }) < / p(r 2 )da k .i< / p(\x\ 2 )Y kil (x) d\n\ 
v ' Jo Jm d 

< max \Y ktl (6)\ [ p{\x\ 2 ) \x\ k d\^\ . 



Now choose a sequence of polynomials p m with p m ^|a;o| 2 ^ = 1 which converges 
on [0, R] to the function / defined by / (j£o| 2 ) =1 an d / (t) = for t ^= 



1 2 



19 



Since \fi\ has support in Br Lebesgue's convergence theorem shows that 
*k,i ({N 2 }) < max \Y k>l (6)\ [ \f (x)| \x\ k d . 



The last implies our statement. ■ 

The following result shows that the summability condition is sometimes 
equivalent to the existence of a pseudo-positive representing measure: 

Corollary 24 Let d = 2. Let a k .i be non-negative measures on [0, oo) and as- 
sume that they have disjoint and at most countable supports. Lf the functional 
T : C[xi,X2] — > C defined by \16\) possesses a representing moment measure 
with compact support then 



oo Qfc i-oa 

VV / r~ k dcr k .i (r) < oo. 

,,_n JO 



k=0 1=1 



Proof. Let Y, k j be the support set of a k j. The last theorem shows that 
o~k,l ({0}) = 0, hence ^ Moreover it tells us that 



/>oo 

/ r- k da k ,i(r)< max \Y k ,i (6)\ ■ V M (rS d 
Jo ^e^- 1 



|/z| yra 

Since d = 2 we know that max eg §d-i \Y k j (9)\ < 1. Hence 



£ £ / r-^a M (r) < E E E N (^) < M 

fe=0 /=1 •'° fe=0 1=1 reS fci! 

where the last inequality follows from the fact that T*k,i are pairwise disjoint. ■ 
Recall that the converse of the last theorem holds under the additional as- 
sumption that the supports of all a k) i are contained in some interval [0, R] . 

Theorem 25 There exists a functional T : C [xi, ..., xj\ — > C which is pseudo- 
positive definite but does not possess a pseudo-positive representing measure. 

Proof. Let a be a non-negative measure over [0,R] . Let / € C [xi, ..,xj[ 
and let f k .i be the Laplace-Fourier coefhcient of /. By Proposition [3] it is clear 
that 

R 

-1. 



T(f):= / fi,i{r)r-'da{r) 
Jo 

is pseudo-positive definite. We take now for a the Dirac functional at r — 
0. Suppose that T has a signed representing measure fi which is pseudo- 
positive. Then the measure [in is non-negative, and it is defined by the equa- 
tion Jq 00 h (r) d/in (r) := J* Rn ft.(|x|)Yii (x)dfi for any continuous function h : 
[0, oo) — ► C with compact support. Take now h (r) = r 2 . Then by Proposition!!] 

/ r 2 d l i ll {r)= ( \x\ 2 Y 11 (x)dn = T(\x\ 2 Y 11 (x)) =0. 
Jo Jwi" v ' 
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It follows that /in has support {0} . On the other hand, if we take a sequence 
of functions h m € C c ([0, oo)) such that h m — > l{o} ; then we obtain 

/ u n({°})= lim / h m (\x\)Yn(x)d^. 

But h m {\x\)Yn(x) converges to the zero-function, and Lebesgue's theorem 
shows that fin ({0}) = 0, so fin = 0. This is a contradiction since 

/ ld m (r)= Y 11 (x)dfi = T(Y u ) = lda(r) = l. 

JO JR" JO 

The proof is complete. ■ 
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